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Abstract 

To study violation of CP, T and/or CPT symmetries in the K^-K^ sys- 
tems, one has to parametrize the relevant mixing parameters and decay am- 
plitudes in such a way that each parameter represents violation of these sym- 
metries in a well-defined way. Parametrization is of course not unique and is 
always subject to phase ambiguities. We discuss these problems with freedom 
associated with rephasing of final (or intermediate) as well as initial states 
taken into account. We present a fully rephasing- invariant parametrization 
and a particular rephasing-dependent parametrization, and give a couple of 
comments related to these and other possible parametrizations. 
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1 Introduction 



The — system has been extremely unique in testing and exploring a 
number of fundamental laws and phenomena of nature, in particular those related 
to conservation and violation of discrete space-time symmetries. It is by now well 
established that CP symmetry is violated in the K*^ — system and that this 
violation is very small, i.e. at the level of 10~^ in amplitude. ^'^'^ It is expected that 
far more precise tests of this and related symmetries will be conducted at, say, (f) 
factories."^ 

To study possible violation of CP, T and/or CPT symmetries in the K^-K^ 
system, one has to parametrize the relevant mixing parameters and decay amplitudes 
in such a way that each parameter represents violation of these symmetries in a well- 
defined way. Parametrization is of course not unique and is always subject to phase 
ambiguities. 

In a series of papers, ^'^'^'^'^ which are devoted to phenomenological studies of 
CP, T and CPT violations in the — system, we have parametrized relevant 
mixing parameters and decay amplitudes in a way which is manifestly invariant with 
respect to rephasing of the and K'^ states. We have however adopted from the 
outset a specific phase convention as for final (or intermediate) states. As results, 
our arguments there appear not general enough. Although we have taken rephasing 
of final states into account in a subsequent report, the arguments given contain 
something misleading. In this note, by taking into account freedom associated with 
rephasing of both initial and final states in a more careful and thorough way, we like 
to present a fully rephasing-invariant parametrization and a particular rephasing- 
dependent parametrization, and give a coule of comments related to these and other 
possible parametrizations.| 



2 The K^-K^ mixing 

Let \K^) and \K'^) be eigenstates of the strong interaction with strangeness 
S" = ±1 related to each other by CP, CPT and T operations as^'^'^^ 

CP|i^°) = e^°^|;^) , CPT\K°) = e^^^l^o), (2.1a) 
CP|;^) = e-^"^|ir°) , CPT\K^) = e^^^|if°), (2.1b) 
T\K^) = e^(^^^'-"^)|ir°) , T\K^) = e^(^^+°^f)|:^). (2.1c) 

Note that, given Eq.(2.1a), Eqs. (2.1b) and (2.1c) follow from (CP)^ = {CPTf = 1, 
CPT = {CP)T = T{CP) and antilinearity of T and CPT operations, ax and Pk 
are arbitrary real parameters to be referred to respectively as relative CP and CPT 
phases (between and \K'^)). 

When the weak interaction is switched on, \K^) and \K^) transit into other 
states, generically denoted as |n), and get mixed. As solutions of the eigenvalue 

part of the contents of the present note was reported by one of the authors (S.Y.T) at the 
8'th B Phisics International Workshop held at Kawatabi, Japan on October 29-31, 1998.^^ 
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A| ) = A| ), (2.2) 

where A — M — iV/2 with M (F) being the 2x2 mass (width) matrix, one obtains 
two states 1X5) and \Ki) with definite mass {ms^L} and width (75,l): 

(2.3a) 
(2.3b) 

with eigenvalues Xs,l — Tns,L — ils,L/'2 given by 

A5,L = {Ks,l\A\Ks,l) = {{K'\K\K^) + {K^\K\K^))/2 ± E, (2.4) 
and ratios of the mixing parameters by 

rs.L = qs,L/ps,L - mA\K')/[E ± {{K'\A\K') - mA\K^))/2], (2.5) 

where 

E = [{K''\A\K^)(K^\A\K'') + {{K^\A\K^) - (K^\A\K^)y /A]^/\ 

3 Decay amplitudes 

and (or Kg and K^) have many decay channels. Denoting final states 
generically as \n), and sometimes as we shall consider decay amplitudes 

(n|//w|i^') = >ln = l^nle^^" , (3.1a) 
{n\H^\K^) ^An^ \An\e^^ . (3.1b) 

\n) and |n) are, by definition, related to each other by CP, CPT and T operations 
as 

CP\n) = e*""|n) , CPT\n) = e'^-\n) , (3.2a) 
CP\n) = e-*""|n) , CPT\n) = e'^-\n) , (3.2b) 
T\n) = e'^'^"-''"^\n) , T\n) = e^(^"+"") (3.2c) 

where and are again arbitrary real parameters. 

As \n), we shall concentrate on CP eigenstates |±) (e.g., |27r) and CP-odd part 
of |37r)) and semi-leptonic states, \£) = \n~i~^i'() and \i) = \Ti~^i~T^), and it is 
understood that 

|n) = \n) , an = O/tt , = , = i/j^, for \n) = |±) . (3.3) 
For \n) — \£) and we shall further consider the amplitude ratio 

{n\H^\K^) 



{n\H^\K^) 



(3.4) 
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4 Rephasing 



Let us now consider phase transformation or rephasing: 

|i^0) -> I^O)' = e-^«^|irO) , i:^) ^ i;^)' = e-*«^|KO) = e'^''\K^) , (4.1a) 
\n) \n)' = e~'^"\n) , \n) = e"'^"|n) . (4-lb) 

Note that we have made use of the relation ^-j^ = —^k, in Eq.(4.1a), which comes 
from the fact that \K^) and \K^) are eigenstates of the strong interaction with 
strangeness S* = ±1 and this interaction conserves S}^'^'^ As regards Eq.(4.1b), it is 
understood that 

^n^^n, for |n) = |±) . (4.2) 

The phases of the decay amphtudes, ipn and ipj^, as well as the relative CP 
and CPT phases, ax, Pk, ocn and defined in the previous sections, are all not 
invariant in general under the rephasing defined here. In fact, if one defines 



CP\K^)' = e'<\K^)' , 
CP\ny = e*""|^)' , 

'{n\H^\Ky = A'^ = \An\e'^'^ , 

one finds 

^n- ^n" ' 



CPT\Ky = e''^'K\Koy , (4.3a) 

CPT\ny = e'^'"\ny , (4.3b) 

'{n\Hw\K^y = X= , (4.3c) 

Pk = Pk, (4.4a) 

f3'n = f3n + Cn + CT,, (4.4b) 

i^'n = i^n + ^K + ^n- (4.4c) 



Prom these equations, one readily see that the particular combinations tjjn + (Pk — 
oiK - I3n + an)/2 and ^„ + {(^k + ax - - tt„)/2 (or ip^ - ipn + - and 
■ipif^+i/jr, + Pk — Pn) ■ as well as (3x, are rephasing-invariant. One furthermore observes 
that it is possible to adjust ^k, ~ and ^„ + so as to have 

= , (4.5a) 
= , for \n) = \£) , (4.5b) 
+ = or = , for \n) = |±) , 1^) , (4.5c) 

independent of one another. 

The amplitude ratio, r„, as well as the ratios of the mixing parameters, rs,L, are 
independent of rephasing of the final (or intermediate) states \n), Eq.(4.1b), and one 
may readily convince himself that r„e*"^, as well as rs,LG~^°"^ , are invariant under 
rephasing of the initial states \K'^) and \K^), Eq.(4.1a). 
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5 Conditions imposed by CP, T and CPT symme- 
tries 

Prom our definition of CP, T and CPT transformations, Eqs.(2.1) and (3.2), we 
see that CP, T and CPT symmetries impose on the decay amphtudes An and An 
such conditions as 

CP ^ = Ae-^("^-"") ; (5.1a) 

s. /I* — /I ^,«(/3K-a;if-/3n+a;n) 

J. ' n„ — ^n^^ ) 

A1 = A^e^(^^+°^-^"-"") ; (5.1b) 
CPT ^ A* = A„e^(^^-^") , (5.1c) 

from which it follows that 

CP IA^jI = \An\ , 

V'n - V'n + Qiif - ttn = ; (5.2a) 

T ^ 2V'„ + - cti^ - /3„ + = , 

2V^^ + + ttif - /3„ - = ; (5.2b) 

CPT > \-^n\ ~ l^nl ) 

V^^ + V'n + /9K-/3n = . (5.2c) 

Note that all these are rephasing-invariant constraints. Similarly, one may readily 
see that CP, T and CPT symmetries impose on the amplitudes ratio, r^, such 
conditions as 

CP ^ Tn = (l/r„)e-2^"^ ; (5.3a) 
T ^ < = r„e2-^ ; (5.3b) 
CPT ^ 4 = (l/r„) . (5.3c) 

As for the ratios of the mixing parameters, l, one may verify that CP, T and 
CPT symmetries impose on the mass- width matrix A such conditions as 

CP ^ (ir°|A|^°) = (^|A|;^), 

{K^\K\W) = {K^\A\K^)e-^'''^ ; (5.4a) 

T ^ (X°|A|XO) = (X0|A|X°)e-2'"^ ; (5.4b) 

CPT ^ (ir°|A|X°) = (XO|A|XO), (5.4c) 



and hence that 



CP ^ rs^TL^ e^"^ ; (5.5a) 
T ^ r^ri, = e"'"^ ; (5.5b) 
CPT ^ r5 = . (5.5c) 
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6 A fully rephasing-invariant parametrization 

If one parametrize the amplitude An and An as 

An = G„e-^(^^-"^-'^"+"")/2 , (6.1a) 
An = Gse-^('^^+°^-^"-°")/2 , (6.1b) 

it follows from our arguments given in Sec. 4 and Sec. 5 that both Gn and Gn are 
rephasing-invariant and hence are complex in general, and that GP, T and GPT 
symmetries impose such conditions as 

(6.2a) 
(6.2b) 
(6.2c) 

If one parametrize G„ and Gn further as 

Gn = Fn{l + Sn), G^ = F„(l-£„), (6.3) 

one finds 

CP €n = 0; (6.4a) 

T ^ Im(F„) = 0, lm(£„) = 0; (6.4b) 

CPT lm{Fn) = , Re(£„) = . (6.4c) 

Similarly, if one parametrizes the amplitude ratios, and rj, as 

U = xee-"''' , rj = (l/4)e-^"^ , (6.5a) 
—— ~\~ x^ , x^ —— x^ x^ , ^6.5b^ 

and the ratios of the mixing parameters, vs^l^ as 

r5,L = e--i^^, (6.6a) 

1 + £S,L 

es,L ^s±5 , (6.6b) 

one may verify that x^^\ x^^ \ e and 5 are all rephasing-invariant and that CP, T 
and CPT symmetries impose such conditions as 

CP Re(x5"^) = Im(xJ+^) =£ = 5 = ; (6.7a) 

T Im(x5+^) = lm(4"^) =s = Q; (6.7b) 

CPT =6 = . (6.7c) 

Observed and/or expected smallness of violation of GP, T and GPT symmetries 
and of the AS* = AQ rule allows one to treat all the parameters, including Zn = 
lm{Fn) /Re{Fn) but excluding Re(F„), as small quantities. 
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7 A partially rephasing- invariant parametrization 

It is legitimate to parametrize the amplitudes, An and An, in a rephasing- 
dependent way and at the same time adopt some phase convention. 

We like to propose a particular rephasing-dependent parametrization, i.e., to 
parametrize An and An as 

An = F„(l + £„)e^("^-"")/2^ (7.1a) 
Aj, = F„(l-£Oe-^^""-""^/' , (7.1b) 

but, as in the previous parametrization, leave ax and ae as well as /Sk and /3„ 
completely unspecified. 

One may convince himself that CP, T and CPT symmetries impose on in such 
conditions as 

CP en = ; (7.2a) 

T ^ Im(£„) = ; (7.2b) 
CPT Re(e„) = , (7.2c) 

but do not impose any condition on One may however, by a choice of phase 
convention, set 

i^n + ^n = 0, (7.3) 

which is equivalent to fix Fn in such a way as 

Im(F„) = . (7.4) 
Here we have treated first-order small. 



8 Comments 

A couple of comments are in order. 

(1) As mentioned in Sec. 4, the chice (7.3) and the other two choices 

aK = , (8.1a) 
ae = , (8.1b) 

are compatible with one another. Our parametrization (7.1) is general enough to 
accommodate one or both of the latter two choices.^ 

(2) In our previous papers, ^'^'^'^'^ we have adopted the phase convention: 

ae = , (8.2a) 
Pn = Pk. (8.2b) 



^We have adopted (7.3) and (8.1b) but left ax unspecified in Ref.[ll]. 
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Although we have preferred not to specify a^, we have noticed that it is legitimate to 
set aK = 0. The fully rephasing-invariant parametrization given in Sec. 6 is general 
enough to accommodate all these phase conventions. 

(3) The phase convention (7.3) and the phase convention (8.2b) are not com- 
patible with each other. Applying these two phase conventions simultaneously to 
Eq.(6.1) and Eq.(6.3) would yield 

Im(F„) = , (8.3) 

a constraint which would follow only when T and/or CPT symmetries were exact 
(see Eq.(6.4)). 

(4) Each of the two parametrizations given has its advantage and disadvantage. 
The parametrization given in Sec. 6 has advantage that it is fully rephasing-invariant, 
but has disadvantage that some of the parameters involved may not be separately 
determinable. The parametrization given in Sec. 7, in contrast, has disadvantage 
that it is not fully rephasing-invariant but rather only partially rephasing-invariant, 
but has advantage that the number of the parameters may be reduced by one for 
each mode by a choice of phase convention. 

(5) In connection with (3) and (4), we recall that we have previously encountered 
a similar situation. ^'^ For the case of |n) = \n) = |27r), we find that our parameter 
Im(e„) comes into play always in combination with lm{e), which renders these two 
parameters not separately determinable. In contrast, by parametrizing rs,L and 
An/ An in a way which is not invariant under rephasing (4.1a), 

l-(e'±6') - , ^ l-e' , ^ 



one may set either Im(e') = or Im(e^) = by a choice of phase convention, 
rendering the other determinable. The phase convention Im(e^) = 0, say, is not 
compatible with the phase convention ax = and simultaneous adoption of these 
two phase conventions would yield Im(e„) = 0, a constraint which would follow only 
when CP and/or T symmetries were exact (see Eq.(6.4)).[] 

In conclusion, we like to remark that our discussion on the — system 
applies equally to the — and — systems, except that one needs to 
consider different kinds of final states for the latter systems. 
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